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In numerical evolutions of binary black holes (BBH) it is desirable to easily control the orbital
eccentricity of the BBH, and the number of orbits completed by the binary through merger. This
paper presents fitting formulae that allow to choose initial-data parameters for generic precessing
BBH resulting in an orbital eccentricity ∼ 10−4, and that allow to predict the number of orbits
to merger. We further demonstrate how these fits can be used to choose initial-data parameters
of desired non-zero eccentricity. For both usage scenarios, no costly exploratory BBH evolutions
are necessary, but both usage scenarios retain the freedom to refine the fitted parameters further
based on the results of BBH evolutions. The presented fitting formulas are based on 729 BBH
configurations which are iteratively reduced to eccentricity <∼ 10
−4, covering mass-ratios between
1 and 8 and spin-magnitude up to 0.5. 101 of these configurations are evolved through the BBH
inspiral phase.
PACS numbers: 04.25.D-, 04.25.dg, 04.25.Nx, 04.30.-w, 04.30.Db
I. INTRODUCTION
The next generation of gravitational-wave detectors,
such as advanced LIGO, VIRGO and KAGRA [1–5] is
under construction. These advanced detectors will have
an order of magnitude increase in their sensitivity and
are widely expected to make the first direct detections
of gravitational waves by sources such as coalescing com-
pact object binaries. The ability to detect and study
these systems depends on the quality and accuracy of
the theoretical waveform models used in building search
templates for these detectors.
After breakthroughs in numerical relativity [6], direct
numerical calculation of the signal emitted during the last
phase of the binary’s life have become available and have
been rapidly improving (e.g. [7, 8]). These numerical
waveforms guide analytical modelers and data analysts
in the construction of analytical templates [9–17] and are
used to assess the properties of gravitational wave data-
analysis pipelines [17, 18].
The parameter space for numerical studies of binary
black holes is seven dimensional: Mass-ratio, and the
two spin-vectors of the two black holes. The total mass
scales out due to the scale invariance of the vacuum Ein-
stein equations, and eccentricity is expected to be radi-
ated away during the preceding gravitational-wave driven
inspiral [19, 20]. Moreover, simulations for gravitational
wave data-analysis need to cover a large number of in-
spiral orbits and have sufficient accuracy (e.g. the recent
review [21]). These requirements increase the computa-
tional cost of BBH simulations and limits the number of
simulations that can be performed. Therefore, BBH sim-
ulations have generally focused on lower-dimensional sub-
spaces of the entire BBH parameter space, for instance
non-spinning systems, or systems with spins aligned with
the angular momentum. For example, the number of dis-
tinct BBH parameters configurations used in Ninja-2 [17]
was 29: 6 configurations with non-spinning black holes,
and 20 with aligned spins (some configurations were com-
puted independently by several groups for a total of 40
numerical simulations). Numerical simulations of non-
precessing BBH systems are also much more carefully
studied, e.g. [22–36].
Furthermore, most of the work done to compute ana-
lytical waveform models focuses on non-precessing bina-
ries [10, 13, 16, 37–44]. Significantly less work has been
done in trying to understand dynamics of precessing bi-
naries and the resulting waveforms, and how the numer-
ical data agrees with the analytical approximations [45–
52].
The first step for evolving a precessing system requires
low-eccentricity initial data, since the orbit of a isolated
binary circularizes during the inspiral via the emission of
gravitational waves [19, 20]. Even binaries starting with
some eccentricity at the beginning of their evolution are
expected to have a negligible eccentricity near the merger
phase, when the emitted signal enters the frequency band
of these ground-based detectors.
In a numerical relativity simulation of the inspiral of
binary black holes, the eccentricity is predetermined by
three free parameters in the initial data: the orbital fre-
quency Ω0, the separation between the holes r0 and the
radial velocity r˙0 (we often use the dimensionless expan-
sion factor a˙0 ≡ r˙0/r0). When initial data is constructed
with the assumption of circular orbits, the resulting tra-
jectories have an orbital eccentricity of the order one per-
cent [53–55]. This eccentricity arises by neglecting the
small, but non-zero, radial velocity and the initial relax-
ation of the black holes.
A variety of eccentricity definitions are given in the
analytical literature [56–62] as well as in numerical rel-
ativity [53–55, 63–66]. All of these definitions employ
residual oscillations in the orbital variables such as the
orbital frequency, proper horizon separation and coor-
dinate separation to estimate the eccentricity. Several
methods are introduced to choose initial-data parame-
ters that result in lower eccentricity. The evolution of
post-Newtonian equations was used to find quasi-circular
2parameters for the trajectories of binaries [63]. More re-
cently, iterative procedures were developed to remove ec-
centricity from the initial data [54, 66–69]. These meth-
ods first utilize post-Newtonian (PN) information to find
initial data with reasonably low eccentricity. The ini-
tial data is evolved for about two to three orbits, and
after analyzing the orbit, the initial-data parameters are
corrected to reduce the orbital eccentricity. Using these
new initial-data parameters, the procedure is repeated
until the desired value of eccentricity is obtained. For
non-precessing binaries, the method using proper hori-
zon separation worked well in reducing the eccentricity
of binaries [30, 33, 70]. For precessing binaries, a new
method was introduced in Ref. [66] which uses the in-
stantaneous orbital frequency to reduce the eccentricity
to below 10−4 in about four iterations.
Iterative eccentricity removal works well [66], however,
it introduces extra steps into the numerical simulation of
BBH systems. The goal of this paper is to deal with ec-
centricity removal for conformally flat BBH systems once
and for all: We systematically apply the eccentricity re-
moval procedure to a large number of different BBH sys-
tems of different mass-ratios, spin-magnitudes and spin-
directions. We cover mass-ratios between 1 and 8, and
spin-magnitudes up to 0.5. We then perform fits that will
allow us to predict low-eccentricity initial-data parameter
for BBH systems with any spin-orientations. As we show,
these fits result in initial conditions with remaining ec-
centricity of ∼ 10−4. This is quite likely sufficient for all
near-term GW data-analysis purposes [71]. These low-
eccentricity fits can also be used to predict initial data
parameters of a desired non-zero eccentricity. Finally,
we evolve 101 of the 729 low-eccentricity initial data sets
through their entire inspiral, and use this information to
prepare a fitting formula that allows us to predict the
number of inspiral orbits for generic BBH binaries.
This paper is organized as follows: In Sec. II, we dis-
cuss eccentricity and motivate a new definition of eccen-
tricity, eR, that uses the radial velocity in addition to
the orbital frequency. Once low-eccentricity parameters
are known, eR allows us to estimate the eccentricity of
any parameter choice nearby without evolving the initial
data. In Sec. III, we quasi-circularize iteratively 729 BBH
configuration with different mass-ratios, spin-magnitudes
and -orientations, and various initial separations. Three
of these simulations are used to compare our newly de-
fined eccentricity eR to the standard eccentricity based on
the orbital frequency, eΩ, used in Ref. [66]. Section IV
introduces fitting formulae to the low-eccentricity con-
figurations, and demonstrates their efficiency and their
advantages over post-Newtonian formulas. In Sec. V, we
provide formulas for generating initial-data parameters
that result in evolutions of a predetermined eccentric-
ity, and assess the quality of these formulas. Finally, we
summarize our conclusions in Sec. VI.
II. DEFINING AND REDUCING
ECCENTRICITY
A. Newtonian dynamics
For two bodies on a Newtonian orbit with small eccen-
tricity e, the distance r(t) between their centers and the
orbital frequency Ω(t) can be written as
r(t) = r¯
[
1− e sin(Ω¯t+ φ0)
]
+O(e2), (1)
Ω(t) = Ω¯
[
1 + 2e sin(Ω¯t+ φ0)
]
+O(e2) . (2)
Here r¯ is the average separation, Ω¯ is the average orbital
frequency and φ0 is a phase component. Taking a time-
derivative of Eqs. 1 and 2, we find
r˙(t) = −r¯ e Ω¯ cos(Ω¯t+ φ0) +O(e
2), (3)
Ω˙(t) = 2 e Ω¯2 cos(Ω¯t+ φ0) +O(e
2) . (4)
Note that the factor Ω¯2 is the product of the average or-
bital frequency Ω¯ and the frequency of the oscillations in
Ω(t). In Newtonian gravity, these two frequencies agree.
For circular orbits, the distance between the Newto-
nian masses r0 and their orbital frequency Ω0 are related
by Kepler’s law,
r30 Ω
2
0 = Gm (5)
wherem is the total mass of the binary, and G represents
Newton’s constant which we will henceforth set equal to
unity. In this case, eccentricity e and radial velocity r˙(t)
are both identically zero.
Let us consider how small perturbations in orbital sep-
aration, orbital frequency and radial velocity will affect
the eccentricity of the originally circular orbit. To accom-
plish this, we relate a circular orbit with r0 and Ω0 with
a slightly eccentric orbit given by Eqs. (1) and (2). At
time t = 0, we set r(0) = r0 +∆t, Ω(0) = Ω0 +∆Ω, and
we set a radial velocity r˙(0) = ∆r˙. The perturbed orbit
will in general have an average distance r¯ different from
r0, and an average orbital frequency Ω¯ different from Ω0.
We write
r¯ = r0 + δr¯, Ω¯ = Ω0 + δΩ¯. (6)
Kepler’s third law Eq. (5) is also valid for r¯ and Ω¯, and
from it follows
δr¯
r0
= −
2
3
δΩ¯
Ω0
≡ ǫ . (7)
The change δr¯ and δΩ¯ are thus determined by one small
parameter ǫ, which is as of yet undetermined. To pro-
ceed we substitute Eq. (6) into Eqs. (1)–(3), evaluate
these expressions at t = 0, and equate to the assumed
perturbations:
r0 +∆r = (1 + ǫ)r0(1− e sinφ0)r0 , (8)
Ω0 +∆Ω = (1− 3ǫ/2)(1 + 2e sinφ0)Ω0 , (9)
∆r˙ = −(1 + ǫ)r0(1− 3/2ǫ)Ω0e cosφ0 . (10)
3To first order in ǫ and e, these equations simplify to
∆r
r0
= ǫ− e sinφ0 , (11)
∆Ω
Ω0
= −
3
2
ǫ+ 2e sinφ0 , (12)
∆r˙ = −r0Ω0 e cosφ0. (13)
Inverting Eqs. (11)–(13) yields
e =
√(
2
∆Ω
Ω0
+ 3
∆r
r0
)2
+
(
∆r˙
r0Ω0
)2
, (14)
ǫ = 2
∆Ω
Ω0
+ 4
∆r
r0
, (15)
tanφ0 = −
3Ω0∆r + 2r0∆Ω
∆r˙
. (16)
To summarize, perturbing a circular Newtonian orbit by
∆r, ∆Ω and ∆r˙ results in an orbit with eccentricity
(14); the perturbed orbit has an average radius larger by
δr¯/r = ǫ relative to the the circular, unperturbed orbit.
B. Numerical relativity
Let us now consider general relativistic BBH bina-
ries computed by numerical simulations. As in earlier
work[65, 66] we define eccentricity based on periodic os-
cillations of the separation of the binary or the orbital fre-
quency, carrying over the Newtonian definitions. Specif-
ically, the instantaneous orbital frequency Ω(t) and the
distance r(t) are calculated from the coordinate motion
of the apparent horizons’ centers. We define their rela-
tive separation vector r(t) = c1(t) − c2(t) with magni-
tude r(t) = |r(t)|, where ci(t) are the coordinates of the
center of each black hole. Using standard Euclidean vec-
tor calculus, the instantaneous orbital frequency is then
computed as
Ω(t) =
r(t)× r˙(t)
r2(t)
, (17)
where Ω(t) is its magnitude.
A compact binary inspiral starts at t = 0 with an ini-
tial separation r0, an orbital frequency Ω0 and a radial
velocity r˙0. The time derivative of the orbital frequency
Ω˙(t) is computed and fitted with the functional form
Ω˙NR(t) = SΩ,fit(t) +BΩ cos(Ωrt+ φ). (18)
The first part of the fit, SΩ,fit(t), is a non-oscillatory func-
tion that captures the radiation-reaction driven inspiral.
The second part captures the oscillatory contribution of
the orbital eccentricity using fitting parameters BΩ, Ωr
and φ. Note that the sinusoidal frequency in Eq. 18 is
given by the radial frequency Ωr. In general relativity,
the orbital frequency Ω exceeds the radial frequency Ωr
causing periastron advance [65]. With the fitted param-
eter BΩ equal to 2eΩΩr (cf. the comment after Eq. 4),
we can derive updating formulas based on Ω˙(t) [66]:
a˙0 → a˙0 +
BΩ
2Ω0
cosφ, (19)
Ω0 → Ω0 −
BΩΩr
4Ω20
sinφ , (20)
where BΩ and φ are fitted for while Ω0 and r0 are given
by the initial data. In Eq. (19), we have introduced the
expansion factor a˙0 = r˙0/r0 which appears naturally in
our formulation of the initial-value problem for BBH bi-
naries with radial velocity [54]. We use Eqs. (19) and (20)
to reduce eccentricity iteratively for every simulation in
this paper. Using the fitted BΩ and Ωr in addition to
Ω0, we estimate the eccentricity eΩ as
eΩ =
BΩ
2Ω0Ωr
(21)
Equation (14) gives the eccentricity of a Newtonian or-
bit that differs by ∆Ω and ∆r˙ from being circular. If we
know non-eccentric initial data parameters Ω0,e=0 and
a˙0,e=0, we can use the deviations from the e = 0 param-
eters to define eccentricity:
eR ≡
[(
a˙0 − a˙0,e=0
Ω0
)2
+
(
2
Ω0 − Ω0,e=0
Ωc
)2]1/2
. (22)
We will test this formula in Sec. III, and use it in Sec. V to
propose a technique to construct BBH initial-data with
specified non-zero eccentricity.
III. LOW-ECCENTRICITY BBH PARAMETERS
Our goal is to compute several hundred low eccentric-
ity initial-data sets for subsequent evolutions. We pro-
ceed in two stages: In stage 1, we circularize 69 binaries
by starting with post-Newtonian estimates for the ini-
tial orbital frequency and radial velocity. We perform
three to four levels of iterative eccentricity removal. We
use the low-eccentricity initial data parameters to gen-
erate fitting formulae that predict low-eccentricity initial
data parameters for other choices of masses and spins.
In stage 2, we use these fitting formulae to compute 660
additional BBH configurations, which we find have an
average eccentricity of about 0.003, i.e. a factor of ∼ 5
below the first stage simulations. We finally apply itera-
tive eccentricity removal to the stage 2 simulations until
the eccentricity is less than 0.001.
A. Numerical methods
We construct BH–BH initial data using the conformal
thin sandwich formalism [72, 73] with quasi-equilibrium
40 200 400 600 800 1000
t/m
0
1×10-6
2×10-6
3×10-6
4×10-6
m
2 Ω
Iter 0: eΩ ~0.018
Iter 1: eΩ ~0.0037
Iter 2: eΩ ~0.0009
Iter 3: eΩ ~0.0003
Iter 4: eΩ ~0.00015
.
FIG. 1: Eccentricity removal based on time derivative
of the orbital frequency dΩ/dt, applied to a precessing
binary black hole, ScN 21. Shown is Ω˙ vs. time and four
eccentricity-removal iterations.
boundary conditions [74–76] and a radial velocity as in
Ref. [54]. All initial-data sets considered here use confor-
mal flatness and maximal slicing. The resulting set of five
nonlinear coupled elliptic equations is solved with multi-
domain pseudo-spectral techniques described in Ref. [77]
implemented in the Spectral Einstein Code SpEC [78].
Calculation of initial data with desired physical param-
eters (masses mA,mB and dimensionless spins ~χA, ~χB)
requires a root-finding procedure to determine the cor-
responding initial data parameters (radii of the excision
boundaries rA, rB and angular velocities of the horizons,
~ΩA and ~ΩB). This root-finding is described in Ref. [36].
The initial data is evolved with SpEC [78], using a
first-order representation [79] of the generalized harmonic
system [6, 80, 81] that includes constraints damping
terms [6, 79, 82]. Constraint damping parameters are
chosen as in [36], based on experience gathered in [30].
The computational domain extends from excision bound-
aries located just inside each apparent horizon to some
large radius, where the outgoing gravitational radiation
pass freely through the outer boundary. Outer boundary
conditions [79, 83, 84] are imposed to prevent the influx
of constraint violations [85–91] and undesired incoming
gravitational radiation [92, 93], while no boundary condi-
tions are imposed at the inner excision boundaries. Inter-
domain boundary conditions are enforced with a penalty
method [94, 95]. The overall evolution techniques (con-
straint damping parameters, choice of domain decompo-
sition) are essentially identical to the inspiral phase of
Ref. [36]. For precessing runs, we employ a coordinate
transformation based on pitch- and yaw-angles (i.e. two
of the Euler angles), described in detail in a forthcoming
publication [96]. This technique works well for moderate
precession as in the cases presented here, although in fu-
ture runs, it will be replaced by the more sophisticated
coordinate transformations developed in [96].
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FIG. 2: Convergence of the eccentricity-removal pro-
cedures in the (δΩe, δae) plane. In the upper panel, we
show the eccentricity removal sequence of Fig. 1. The red
number next to each point gives the eccentricity eΩ, while
the blue number next to each blue solid line gives the relative
eccentricity eR. In the lower panel, we plot the eccentricities
ratio eΩ/eR.
B. Iterative Eccentricity Reduction
We shall start by describing eccentricity removal for
one typical precessing configuration, labeled ScN 21.
This configuration has a mass-ratio of q = mA/mB = 1.5
and both black holes have dimensionless spins 0.5 ini-
tially tangent to the orbital plane. The spin of the
larger black hole points exactly away from the smaller
black hole, whereas the spin of the smaller black hole
is anti-aligned with its initial velocity. The initial co-
ordinate separation between the holes is r = 16m. We
begin eccentricity removal with orbital parameters de-
termined from a non-spinning PN approximant to choose
Ω0 = 0.014427/m, and we use a previous good approxi-
mation for a˙0=−3.6× 10
−5 from other simulations.
We evolve the binary with the initial orbital parame-
ters (Ω0, a˙0) for about two orbits, and record the time-
derivative of the orbital frequency, Ω˙(t). This data is
plotted in Fig. 1 as “Iter 0” and we deduce an eccen-
tricity of eΩ ∼ 0.018. Equations (19) and (20) give the
improved values for Ω0 and a˙0 to use in next iteration,
labeled “Iter 1” in Fig. 1 with eccentricity eΩ = 0.0037.
This procedure is repeated three more times until a final
eccentricity eΩ ∼ 1.5 × 10
−4 is achieved. Note that as
the eccentricity falls below e <∼ 0.001, spin-induced oscil-
lations become apparent at twice the orbital frequency, as
discussed in Ref.[66]. The spin-induced oscillation domi-
nate for e <∼ 0.0003, making unambiguous determination
of a residual orbital eccentricity difficult.
Equation (22) indicates that the eccentricity is the
square sum of two components, with one measuring the
51 1.5 3 5 8
q
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NBBH
Si ´ L ¹ 0
Si ´ L = 0
Si = 0
FIG. 3: Distribution of configurations in set S0. Given
are the number of non-spinning (black), spinning but non-
precessing (red) and precessing binaries (blue) for different
mass-ratio q.
needed change in orbital frequency and the other the
change in radial velocity (or derivative of expansion fac-
tor). When plotting parameters during eccentricity re-
moval, Eq. (22) suggests a natural scaling of the axes,
relative to the configuration with lowest eccentricity:
δΩe ≡ 2
Ω0 − Ω0,e=0
Ω0
, (23)
δa˙e ≡
a˙0 − a˙0,e=0
Ω0
. (24)
In these axes, the Euclidean distance to the origin should
correspond directly to the eccentricity, cf. Eq. (14). Fig-
ure 2 shows the sequence of the eccentricity reduction
iterations shown in Fig. 1 plotted in these coordinates.
The upper panel of the plot shows δΩe and δa˙e as the
binary is quasicircularized iteratively. The distance in
the (δa˙e, δΩe) plane between any point and the origin
corresponding to “Iter 4” is equal to the eccentricity eR.
Because Iter 4 is not exactly at zero eccentricity, this
distance is only an approximation to Eq. (14), thus ex-
plaining the raise of eΩ/eR at iterations 2 and 3 in the
lower panel of Fig. 2.
C. Binaries in data set S0
As a first step, we quasi-circularize iteratively a set
of 69 different configurations, which we shall refer to as
set S0. The binaries in S0 have mass-ratios 1 ≤ q ≤ 8.
There are 9 non-spinning binaries, 24 spinning binaries
with aligned spins (i.e. without precession), and 36 pre-
cessing binaries. The dimensionless black hole spin is
generally 0.5, but sometimes smaller. The parameters
for all 69 configurations are given the first nine columns
of Table I in the Appendix, and Fig. 3 show the distri-
bution of non-spinning/aligned spin/non-aligned spins as
a function of mass ratio: Most precessing binaries have
0 1 2 3 4
Iter
0.0001
0.001
0.01
e
ScN 21: eΩ
              eR
ScN 50: eΩ
              eR
ScN 68: eΩ
              eR
FIG. 4: Convergence of eccentricity estimates eΩ and
eR for cases ScN 21, 50 and 68. Both eccentricity defi-
nitions decrease at the same rate to a value below the 10−3
limit. The parameters of the three configurations are listed
in Table I.
mass ratio either 1.5 or 3. At mass ratio 8, no precessing
binaries are evolved.
We apply the iterative eccentricity reduction method
to all binaries of set S0. Figure 4 illustrates performance
of the iterative eccentricity removal for three cases. This
figure compares also the eccentricities eΩ and eR. Both
eccentricities decrease at the same rate, but the estimated
eR is always smaller than eΩ, since it is estimated rela-
tive to an iteration with finite, albeit small, eccentric-
ity. As we discuss below, eR is a useful measure to es-
timate the eccentricity of runs with the same physical
parameters but differing orbital parameters Ω0 and a˙0,
once the corresponding quasicircularized orbital param-
eters Ω0,e=0 and a˙0,e=0 are known.
Application of iterative eccentricity removal to all bi-
naries in S0 results in orbital parameters Ω0 and a˙0 as
listed in Table I, with an estimated orbital eccentricity
eΩ. Eccentricity removal is terminated once an eccen-
tricity eΩ < 10
−3 is reached except for few runs that
are intentionally left with a larger eccentricity for evolu-
tions to compute periastron advance (cf. [40]). The initial
and final eccentricities of binaries in set S0 are shown in
Fig. 5. The red points show the initial eccentricity while
the blue point correspond to the final eccentricity.
The initial eccentricities for most of these runs are
larger than 0.01. The initial conditions for these runs
used PN approximants TaylorT3 to predict the values
of the orbital frequency at a given separation, and the
radial scaled velocity is set to a small constant value
(∼ −3 × 10−5). However, for a few runs, the initial ec-
centricities are much smaller, almost 10−3. For these
simulations, we used Kepler’s law to predict the initial
orbital frequency given the quasi-circular parameters of
60 10 20 30 40 50 60 70
ScN
10-5
10-4
10-3
10-2
10-1
e Ω
before ecc. removal
after ecc. removal
FIG. 5: Initial and final eccentricities of the configu-
rations in set S0. The eccentricity reduction target was
10−3, except for runs intentionally left at larger eccentricity
for calculations of periastron-advance.
a closely similar configuration. The procedure based on
Kepler’s law was experimental and motivated the devel-
opment of more rigorous fitting formulas to predict the
initial parameters of quasi-circular binaries, as presented
in later parts of this paper.
All quasi-circular binaries in S0 were evolved through
the inspiral phase until approximately 1−2 orbits before
merger. To provide the reader some context about the
length of these simulations, Table I lists also the number
of evolved orbits up to a orbital frequency MΩ = 0.05.
For informational purposes, we also report in Table I the
orbital frequencymΩf at which the simple inspiral evolu-
tion techniques failed and the number of orbits Nf com-
pleted by then. Seven binaries were evolved for more than
30 orbits. The evolutions of merger and ringdown of these
binaries require significant extension and refinements of
previous spectral merger-techniques [36, 97], and will be
reported elsewhere.
D. Binary configurations S1, . . . , S5
As Fig. 5 demonstrates, iterative eccentricity removal
by brute force is possible. However, even for some config-
urations of Fig. 5, the use of ad hoc fitting formulas based
on Kepler’s law resulted in significantly improved initial
guesses Ω0 and a˙0. This allowed to begin iterative eccen-
tricity removal at smaller initial eccentricity, reducing the
number of eccentricity-removal iterations and thus low-
ering the computational cost of iterative eccentricity re-
moval. The goal of this section, therefore, is to construct
a much larger sample of low-eccentricity orbital configu-
rations, which will be used in Sec. IV to develop fitting
formulae valid for generic BBH systems.
In addition to the 69 configurations of S0, we circular-
ized a total of further 660 configurations, of which 156
are non-precessing (of which 40 are non-spinning) and
504 are precessing. The configurations fall into five sets,
10 12 14 16 18 20
1
2
3
4
5
6
7
8 S1: χA=0, χB=0
S2: χA=0.5, χB=0
S3: χA=χB=0.5
S4, S5: Random
r/m
q
FIG. 6: Parameter space covered with eccentricity removal.
Each point in set S1 represents one configuration for a total of
40. Each point in set S2 represents five different ~χA directions,
for a total of 190. Each point in set S3 represents 15 different
~χA and ~χB directions, for a total of 300. The set S4 and
S5 contain 130 configurations with randomly generated spin
directions and (for 32 of these) randomly generated q.
as indicated in Fig. 6:
• Set S1 contains 40 non-spinning BBH configura-
tions.
• Set S2 contains 190 single-spin configurations
where the more massive black hole carries spin
χA = 0.5. For each (q, r/m) pair, five dif-
ferent spin-directions are considered, with θA =
0, π/4, π/2, 3π/4, π. The first and the last of these
θA represent spins aligned and anti-aligned with the
orbital angular momentum, so that 76 configura-
tions are non-precessing, while the remaining 114
configurations are precessing.
• Set S3 contains 300 configurations where both
black holes carry spin χA = χB = 0.5. We consider
the same five spin directions for the more massive
black hole as in set S2. For each of these, we con-
sider three spin directions for the less massive black
hole: θB = 0, π/4, π/2. 40 of the configurations in
set S3 are non-precessing, and the remaining 260
are precessing.
• Set S4 contains 98 binaries with spin-magnitudes
χA = χB = 0.5, and random spin-directions. 25 bi-
naries were selected for each combination of mass-
ratio q = 1 or q = 2, and of initial separation
r/m = 16 or r/m = 17. Two of these runs were
compromised, so that this results in 98 configura-
tions.
• Set S5 contains 32 binaries with random spin-
magnitudes χA,B ≤ 0.5 at random spin-directions
with random mass-ratios q ∈ [1, 2] for fixed r/m =
15. The explicit parameters are listed in Table II
in the Appendix.
70 100 200 300 400 500 600 700
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FIG. 7: Initial and final eccentricities of all runs in
the paper. The first 69 configurations corresponds to the
set S0 of binaries listed in Table I. The next 530 configura-
tions corresponds to sets S1,S2,S3 of binaries, and the last
130 configurations correspond to sets S4 and S5 with random
spin configurations. The final eccentricity of the runs in sets
S1, . . .S5 is reduced to less than 10
−3.
Figure 7 summarizes initial and final eccentricity of all
configurations which were quasi-circularized. We initial-
ized eccentricity reduction using an ad-hoc formula based
on Kepler’s law. As can be seen in Fig. 7, this reduced the
starting eccentricity of S1,2,3 by about a factor of 10 rela-
tive to that of S0. However, it did not significantly reduce
the starting eccentricity of the precessing systems in S4,5.
A more comprehensive approach is therefore needed.
IV. ECCENTRICITY REDUCTION USING
FITTING FORMULAS
Kepler’s law helped in quasicircularizing the binaries
of the set S0 when small variations are introduced in
either the separation or the mass ratio of the binary. The
Newtonian Kepler’s law does not incorporate spin effects
in the initial parameters of the binary. Therefore, we
will base fitting formulas for spinning binaries on post-
Newtonian expansions for spinning binaries.
A. PN formulas
In the post-Newtonian approximations, the initial
quasi-circular parameters Ω0 or r˙0 (and r0) are given
as a series expansion in m/r (or in Ω0) for any physical
configuration for the binary. We shall use the PN expres-
sions derived by Kidder [98]. In these expressions, non-
spinning effects are included up to 2nd post-Newtonian
order, while the spin effects enter at 1.5th and 2nd
post-Newtonian order. We define the unit vector along
the angular momentum LˆN = LN/|LN| where LN ≡
µ(r×v) and the spin unit vectors sˆA,B = SA/B/SA/B =
χA/B/χA/B. Furthermore, let m = MA + MB be the
total mass, q = mA/mB the mass-ratio, µ = mAmB/m
be the reduced mass and η ≡ mAmB/m
2 = q/(1 + q)2
the symmetric mass-ratio. In terms of these quantities,
Kidder [98] derives the orbital frequency as a function of
separation,
Ω2r3
m
= 1− (3− η)
(m
r
)
−
[ ∑
i=A,B
χiLˆN · sˆi
(
2
m2i
m2
+ 3η
)](m
r
)3/2
+
[(
6 +
41
4
η + η2
)
−
3
2
ηχAχB
(
sˆA · sˆB − 3LˆN · sˆALˆN · sˆB
)](m
r
)2
. (25)
The radial velocity as a function of separation is given by:
−5
64
η−1
(m
r
)−3
r˙ = 1−
1
336
(
1751 + 588η
)(m
r
)
−
{
7
12
∑
i=A,B
[
χi(LˆN · sˆi)(19
m2i
m2
+ 15η)
]
− 4π
}(m
r
)3/2
−
5
48
ηχAχB
[
59(ˆsA · sˆB)− 173(LˆN · sˆA)(LˆN · sˆB)
] (m
r
)2
. (26)
The orbital separation r/m as a function of orbital frequency is
(mΩ)2/3
r
m
= 1−
1
3
(3− η) (mΩ)2/3 −
1
3
∑
i=A,B
[
χi
(
2
m2i
m2
+ 3η
)
LˆN · sˆi
]
mΩ
+
[
η
(
19
4
+
1
9
η
)
−
1
2
ηχAχB
(
sˆA · sˆB − 3LˆN · sˆALˆN · sˆB
)]
(mΩ)4/3 . (27)
8And finally, the number of orbits accumulated during inspiral from initial orbital frequency Ωi to final frequency Ωf
is given by N = [Ψ(Ωi)−Ψ(Ωf )] /(2π) with orbital phase Ψ satisfying
32η Ψ(Ω) = (mΩ)−5/3 +
5
1008
(743 + 924η)(mΩ)−1 +

 524
∑
i=A,B
[
χiLˆN · sˆi
(
113
m2i
m2
+ 75η
)]
− 10π

 (mΩ)−2/3
+
5
48
ηχAχB
(
247sˆA · sˆB − 721LˆN · sˆA LˆN · sˆB
)
(mΩ)−1/3. (28)
B. NR Fitting Formulas
The goal of this section is to provide fitting formulae
that can predict Ω0 and a˙0 as functions of symmetric
mass-ratio η, initial black hole spins SA/B and initial
black hole distance r/m. This is an 8-dimensional pa-
rameter space. As we shall see, linear fits are not suf-
ficient, however, if one were to write a straightforward
8-dimensional higher-order Taylor-series, the number of
coefficients would quickly explore with expansion order.
Therefore, one needs to be judicious to include only terms
that contribute to the fit.
Motivated by Eqs. (25) and (26), we do not write down
fitting formulae directly for Ω0 and a˙0, but rather for the
quantities
κ0 ≡
Ω20r
3
0
m
(29)
and
ρ0 ≡ −
5m
64η
(r0
m
)4
a˙0 . (30)
For each quasi-circular configuration, we compute κ0 and
ρ0.
Beginning to fit the non-spinning components, we only
consider the quasi-circular configurations of set S1 and fit
polynomials in η and inverse distance u ≡ m/r:
κNS =
i+j≤3∑
i,j=0
bi,jη
iuj , (31)
ρNS =
i+j≤3∑
i,j=0
ai,jη
iuj . (32)
(Here, the subscript ’NS’ refers to non-spinning bina-
ries). We found that the triangular truncation i + j ≤ 3
gave a good fit with a reasonably low number of coeffi-
cients. The coefficients ai,j and bi,j are listed in Tables III
and IV.
For spinning binaries of sets S2, S3, S4 and S5, we first
subtract the fits Eqs. (31) and (32), i.e. we compute for
each spinnning quasi-circular configuration
δκS ≡ κ0 − κNS |η0,u0 , (33)
δρS ≡ ρ0 − ρNS |η0,u0 . (34)
The functions δκS and δρS should be functions of the
spins of the black holes, mass-ratio and separation. These
functions should vanish for zero spins, to reduce to the
fit for non-spinning BBH.
We will use in total 14 basis-functions to represent the
spin-sector, which we shall label eˆα, α = 1, . . . , 14. The
first four basis-functions take the functional form of the
spin-terms in Eqs. (25)–(28):
eˆ1 = SA · Lˆ, (35a)
eˆ2 = SB · Lˆ, (35b)
eˆ3 = SA · SB, (35c)
eˆ4 = SA,⊥ · SB,⊥, (35d)
where Si,⊥ = Si − Lˆ(Lˆ · Si), i = A,B are the projections
of each black hole spin into the orbital plane.
The next two basis-functions account for the the angle
between SA/B relative to the other black hole:
eˆ5 = SA · rˆ, (35e)
eˆ6 = SB · rˆ, (35f)
where rˆ is the unit-vector pointing from black hole 2 to
black hole 1. These terms are not present in the post-
Newtonian expansion. However, we find them to be nec-
essary for a good fit. We conjecture that the origin of
these terms rests in details of how numerical BBH initial
data is constructed. For instance, conformally flat quasi-
equilibrium BBH initial data requires a somewhat dif-
ferent choice of a˙0 to achieve low eccentricity compared
to superposed Kerr-Schild data [99, 100]. Both types
of initial-data require some offset in a˙0 relative to post-
Newtonian expansions, and the need to include eˆ5 and eˆ6
when fitting for low-eccentricity initial data parameters
indicates that this offset depends on the angle between
black hole spin and direction to the partner black hole.
Finally, as demonstrated below, the fit of the spin-
sector can be improved by including certain higher-order
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FIG. 8: Eccentricities eΩ and eR for the binaries of the sets
S2, and those configurations of S3,4,5 with eΩ ≤ 0.0001. The
residuals eR of the fitting formulas are comparable to the
actual estimated eccentricity eΩ. Further, improvement of
the fitting formulas requires quasi-circular configuration with
lower eccentricities eΩ. The first 40 simulations are nonspin-
ning. The expected PN eccentricities are plotted in grey.
basis-functions:
eˆ7 = (SA · Lˆ)
2, (35g)
eˆ8 = (SA · Lˆ)
3, (35h)
eˆ9 = (SB · Lˆ)
2, (35i)
eˆ10 = (SB · Lˆ)
3, (35j)
eˆ11 = (SA · SB)
2, (35k)
eˆ12 = (SA,⊥ · SB,⊥)
2, (35l)
eˆ13 = (SA · rˆ)
2, (35m)
eˆ14 = (SB · rˆ)
2. (35n)
The functions δκS and δρS are expanded into a series
that depends on η, u and the spin basis eˆα:
δκS =
3∑
i=0
5∑
j=2
14∑
α=1
ci,j,αη
iuj/2eˆα, (36)
δρS =
3∑
i=0
5∑
j=2
14∑
α=1
di,j,αη
iuj/2eˆα. (37)
These expansions have 224 coefficients each. For our best
result, we fit these coefficients against that subset of con-
figurations of the sets S3,4,5 which have eΩ < 10
−4. These
configurations are located in the green shaded region of
Fig. 7. The resulting coefficients are listed in Tables V
and VI in the Appendix.
C. Quality of the fitting formulas
The quasi-circular orbital parameters that form the ba-
sis of the fits Eqs. (36) and (37) are not perfectly accu-
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FIG. 9: Performance of fit vs. the eccentricity of the
configurations used in the fit. Eccentricity fits are per-
formed only using those configurations with eΩ < eΩ,max. As
a function of eΩ,max the plot shows the average and the median
of eR. Reducing the eccentricity eΩ,max improves the fitting
formulas performance. The numbers indicate the number of
configurations used in each fit.
rate; rather they contains residual eccentricity as indi-
cated in Fig. 7. Therefore, we should expect the low-
eccentricity fits to be good to only a comparable level of
precision. If the fits were more accurate than indicated
by Fig. 7, this would indicate a fit to the errors in the
numerical data, which would not carry any additional
physical information. To quantify the quality of the fits,
we translate the residuals
∆Ω0 = Ω0,NR − Ω0,fit, (38)
∆a˙0 = a˙0,NR − a˙0,fit (39)
into an equivalent eccentricity via Eq. (15):
eR =
[(
∆a˙0
Ω0,NR
)2
+
(
2
∆Ω0
Ω0,NR
)2]1/2
. (40)
Our target is that eR as computed from the fits is roughly
comparable to the eccentricity eΩ of the data used to
compute the fits. If eR ≫ eΩ the fit is not as accurate
as it could be; if eR ≪ eΩ, the fit has so many degrees
of freedom that it fits the residual eccentricity of the NR
simulations. Figure 8 demonstrates that indeed eR ∼ eΩ,
as desired.
The dependence of the quality of the fit onto the con-
figurations used for the fit is further explored in Fig. 9.
For this figure, we perform the fit for the spinning sec-
tor δκS , δρS several times, based on those configurations
within S3,4,5 with eccentricity eΩ ≤ eΩ,max. The dashed
curves of Fig. 9 show the residual eccentricity eR of these
fits as a function of threshold eccentricity eΩ,max. For the
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FIG. 10: Eccentricities (δae, δΩe) for the binaries of
the sets S1, · · · ,S5 with e ≤ 0.0001 as predicted by the
the fitting formulas and the PN expressions. Most binaries
have an eccentricity less than 0.0001 when using the fitting
formulas, while PN expressions generate binaries with nearly
0.01 eccentricity. The fits yield lower eccentricity than PN
expansions, with the improvement primarily due to the more
accurate prediction of radial velocity (δae). We plot the fits
based on binaries with eccentricity less than 0.0001.
dashed lines the residual of the fit eR is similar to eΩ,max,
indicating that the fit works as well as can be expected.
If the basis-functions for the spin-sector are restricted to
only the linear terms, eˆα, α = 1, . . . , 6, then we obtain
the dotted lines. Now the residual eccentricity is sev-
eral times larger than eΩ,max, indicating the possibility
to improve the fit.
We now compare our low-eccentricity fits with post-
Newtonian expansions that predict initial data parame-
ters. Using Eqns. (25) and (26) we compute ΩPN and
a˙PN for each configuration. We then compute the dif-
ference between eccentricity-reduced NR parameters and
the PN parameters,
δΩe ≡ 2
Ω0,PN − Ω0,NR
Ω0,NR
, (41)
δa˙e ≡
a˙0,PN − a˙0,NR
Ω0,NR
, (42)
eR,PN ≡
√
δΩ2e + δa˙
2
e. (43)
Because we know low-eccentricity orbital parameters
Ω0,NR, a˙0,NR these formulae allow us to estimate the ec-
centricity the PN parameters would have without having
to evolve with the PN initial-data parameters. Figure 8
shows this estimated eccentricity eR,PN as the grey dots.
Our fits improve the post-Newtonian initial data param-
eters by about two orders of magnitude, consistently for
all spin-directions, including precessing binaries.
Figure 10 plots separately the two components δΩe
and δa˙e, cf. Eqs. (41) and (42). The plot shows the PN
data in grey and the results of the fitting formulas as red
circles. Once again, the improvement gained by the fits is
apparent: The eccentricity is smaller by nearly two order
of magnitude relative to PN initial-data parameters. We
also note that for the fit, δa˙e and δΩe have approximately
equal magnitudes. For PN, in contrast, δΩe is about a
factor ∼ 10 larger than δa˙e, indicating that an error in
the orbital frequency is the major cause of eccentricity
when using PN parameters.
D. Number of orbits fits
When selecting initial data parameters for an evolu-
tion, it is useful to be able to estimate of how long the
simulation will be. One widely used measure is the num-
ber of orbits the binary completes before merger. We
have evolved the binaries in sets S0 and S5 through in-
spiral phase, so we can use this information to derive a
fitting formula for the number of orbits. We base this
fitting formula on Eqs. (28), specifically
N =
1
2π
(Ψfit(Ωi)−Ψfit(Ωf )) . (44)
The fitting parameters d1, . . . d9 are incorporated into the
phase-formula,
32ηΨfit(Ω) =(mΩ)
−5/3+
5(743d1 + 924d2η)
1008
(mΩ)−1+
{∑
i
[
5χi
24
LˆN ·sˆi
(
113d7
m2i
m2
+ 75d8η
)]
−10πd3
}
(mΩ)−2/3
+
[
(d4 + d5η + d6η
2) +
5
48
d9 η χA χB
(
247sˆA·sˆB − 721LˆN ·sˆA LˆN ·sˆB
)]
(mΩ)−1/3. (45)
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FIG. 11: The number of orbits of the runs and the
residual of the fitting formulas. In the upper panel, we
plot the number of orbits N0.05 through the inspiral in red
between the initial orbital frequency Ωi and the final orbital
frequency Ω = 0.05/m evolved. In the lower panel, we plot the
difference between the fitting polynomial and the numerical
data of the number of orbits in red. We compare the results
to the PN approximation ploted in orange.
The number of orbits is fitted to Eqs. (44) and (45)
using the inspiral data from sets S0 and S5 as given in
Tables I and II. We include only those inspirals that reach
orbital frequency 0.05/m or greater, that inspiral for at
least 10 orbits and that have an eccentricity of less than
0.005.
The results of the fit for N are shown in Fig. 11. The
upper panel of Fig. 11 plot the number of orbits evolved
between the initial orbital frequency Ωi and the final or-
bital frequency 0.05/m for the inspirals used in these fits.
For the first 69 simulations of set S0, binaries with large
differences in the initial separation and mass ratios are
evolved. Therefore, a large variation in the number of
orbits is observed. For the last 32 runs of set S5, all bi-
naries start with the same initial separation but with a
random mass ratio and spin orientation and magnitude.
In this case, their number of orbits varies between 15 and
20.
In the lower panel of Fig. 11, we plot the difference
between the number of orbits measured up to a certain
orbital frequency, and the number predicted by the fit-
ting formula (44) as red points. This residual is less than
1 orbit for the set S0, and it is less than 0.2 orbits for
the binaries of set S5. No variation in the quality of the
fits is noticed as we changed the final frequency from
0.05/m. We use also the PN expression in Eq. 28 to plot
the difference in the number of orbits between the nu-
merical simulations and the PN predictions measured at
an orbital frequency of 0.05/m in orange. The initial fre-
quency used is the value for which the simulation starts
with, i.e. Ωi. The straight post-Newtonian formula pre-
dicts a number of orbits that generally differs by 3 to 6
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FIG. 12: Eccentricity of runs with initial data parameters per-
turbed from their low-eccentricity values. Two representative
configurations are shown, ScN 1 (equal mass, zero spin), and
ScN 12 (q=1.5, precessing spin). Circles are for positive vari-
ations, while crosses are for negative variation. The dashed
line represents the expectation, Eq. (14).
orbits from the NR result.
V. GENERATING INITIAL DATA WITH A
PRE-DETERMINED ECCENTRICITY
So far, we have been concerned with achieving BH-BH
simulations with very small eccentricity. Let us now con-
sider how to choose initial-data parameters that result
in some desired non-zero eccentricity. If one starts from
known zero-eccentricity orbital parameters (r0,Ω0, a˙0),
and perturbs these, (r0 + δr,Ω0 + δΩ, a˙0 + δa˙), then the
Newtonian formula Eq. (14) should give a reasonable ap-
proximation of the resulting eccentricity. To test this
assumption we use two eccentricity-removed configura-
tions, ScN 1 (equal mass, zero spin) and ScN 12 (mass-
ratio 1.5, precessing). We perturb first by changing the
initial separation while keeping Ω0 and a˙0 constant, and,
second, by changing Ω0 while keeping d0 and a˙0 constant.
For each perturbation, we solve for a new initial-data
set, and evolve long enough to measure eΩ. The results
are plotted in Fig. 12, along with the result of Eq. (14),
e = 3|δr|/r and e = 2|δΩ|/Ω, respectively.
The agreement between the full numerical simulation
and the Newtonian formula is very good. The exceptions
are very low eccentricity eΩ <∼ 10
−4, where measuring
eccentricity in the numerical simulation is difficult, and
for very large eccentricity e ∼ 0.1, where linear pertur-
bations may no longer be adequate. Besides controlling
eccentricity, one can also use Eq. (16) to control the phase
or periastron.
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So far, we have perturbed off a zero-eccentricity con-
figuration. As we have seen in Sec. III, our fitting for-
mulae for initial data-parameters result in eccentricities
e <∼ 10
−3. If one is interested in eccentricities larger than
this value, then one can also perturb around the results
of the low-eccentricity fitting formulas. This now allows
to obtain a BH-BH simulation with desired length (via
Eq. 28) and desired eccentricity, via the fitting formulas
for low-eccentricity parameters and Eq. (14) and (16),
without any iterative procedures.
VI. CONCLUSIONS
Evolutions of binary black holes start from initial data.
Choices that enter the initial data determine the orbital
eccentricity of the subsequent evolution, and the length
of the inspiral (i.e. the number of orbits to merger).
This paper presents techniques that allow to choose ini-
tial data parameters that result in very small eccentricity
(e ∼ 10−4) with an inspiral of a desired number of or-
bits. We also present techniques that allow to choose
initial data parameters that result in a desired non-zero
eccentricity. Our techniques are applicable for generic
precessing binary black holes of mass-ratios q <∼ 8 and
for spin-magnitudes <∼ 0.5. Because of fitting formulae
we develop here, the use of these techniques requires no
significant computational cost.
This paper presents quasi-circular initial data for 729
different configurations (mass-ratio, separation, spins)
of binary black holes. This study covers for the first
time a full 7-dimensional voluminous region of parame-
ter space of generic non-eccentric BBH inspirals, rather
than just lower-dimensional subspaces like aligned spin
binaries (e.g. [17]). The mass ratio varies between 1 and
8 for these simulations, 620 binaries are spinning, most
of these with generic, precessing spins of dimensionless
magnitude up to 0.5.
The orbital eccentricity of all 729 configurations is it-
eratively reduced using techniques developed in earlier
work [54, 66, 67]. To remove or ease the computational
burden of iterative eccentricity removal, we introduce
fitting formulas that predict low-eccentricity orbital pa-
rameters. Fitting the 2-dimensional non-spinning sec-
tor spanning mass-ratio and spin requires 10 fitting pa-
rameters each in the formulae for orbital frequency and
radial velocity. Extending this fit to the 8-dimensional
spinning-sector (mass-ratio, separation, two spin vectors)
required 224 fitting parameters each. Perhaps surpris-
ingly, despite the comparatively low spins considered here
χ <∼ 0.5, higher order corrections to the spin incorporated
via Eqs. (35g)–(35n) noticeably improve the quality of
the fit, cf. Fig. 9. We also provide a fitting formula
for the expected number of orbits during the inspiral of
low-eccentricity initial data, again for generic precessing
spins and mass-ratios.
The fitting formulas allow to achieve BH-BH config-
urations of desired initial separation (or desired initial
orbital frequency or desired number of orbits) with an
eccentricity of ∼ 10−4 without having to perform any it-
erative runs. If lower eccentricity is desired, it is always
possible to refine by iterative eccentricity removal.
Based on these fits, we develop a technique to pre-
dict the eccentricity of initial-data parameters without
having to evolve the initial data at all. This technique
is based on the deviation of the initial-data parameters
from those for low-eccentricity (the latter determined ei-
ther from our bank of 729 configurations, or computed
from our low-eccentricity fits), cf. Eqs. (41)–(43). It al-
lows us to estimate the orbital eccentricity that would
have resulted from post-Newtonian initial data parame-
ters without constructing initial data for those configu-
rations. The results are shown in Figs. 8 and 10 demon-
strating that our fitting formulas yield orbital eccentric-
ity about two orders of magnitude smaller than post-
Newtonian expansions.
The ability to estimate eccentricity without an evo-
lution is also useful in another scenario: To obtain an
evolution with desired eccentricity, one can simply per-
turb the low-eccentricity fits and use Eqs. (41)–(43) to
determine the eccentricity of the perturbed initial-data.
This procedure allows to construct initial data of desired
eccentricity without having to perform any intermediate
evolutions. This procedure is demonstrated in Sec. V.
During the construction of BBH initial-data, free pa-
rameters like initial orbital frequency and initial radial
velocity must be chosen. Early in the evolution, the
space-time relaxes to a quasi-stationary steady state,
changing the black hole parameters slightly and emitting
a pulse of “junk radiation” [101]. This relaxation causes
orbital frequency and radial velocity (and also black hole
masses and spins, albeit to a smaller degree [30]) to de-
viate from the corresponding parameters specified in the
initial-data. These drifts depend on the precise type of
initial data evolved (e.g. conformally flat conformal-thin
sandwich data, as here; super-posed Kerr-Schild data;
puncture data) and may exhibit a dependence on black
hole parameters different from the usual post-Newtonian
terms. These drifts in parameters, induced by specific
choices of the initial-data construction, may very well be
the reason why our fitting formulas require terms that are
not present in post-Newtonian expansions, cf. Eqs. (31)
and (32). Because these drifts —as well as the coordinate
systems used when constructing initial data— are differ-
ent for each class of initial-data, we expect that a similar
fitting effort is necessary for superposed Kerr-Schild data,
which allows access to higher black-hole spins.
Out of the 729 configurations, we evolve 101 simula-
tions fully through inspiral. Only the number of orbits
of each inspiral was used here in order to write fitting
formulas for any spinning configurations. Because of the
wealth of information in these simulations, they will form
the basis of a large number of future investigations into
periastron-advance, black hole remnant properties, ana-
lytic template modelling, and gravitational wave data-
analysis efforts.
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Appendix: Tables
TABLE I: Parameters of the runs evolved in S0. The first column is the label for each configuration (we
refer to individual runs as “Sc21”), the following columns show the mass ratio q, the separation r/m, the initial
orbital frequency Ωi, the dimensionless expansion factor a˙, the spin components of the first hole χA and the spin
of the second hole χB, the eccentricity eΩ, the final orbital frequency Ωf , the number of orbits Nf between the
initial frequency Ωi and the final frequency Ωf . The last column denotes the number of orbits between the initial
orbital frequency until the orbital frequency 0.05/m.
ScN q r/m χA θA/π φA/π χB θB/π φB/π 10
2mΩi 10
5a˙ 104eΩ 10
2mΩf Nf N0.05
1 1 18 0 0 0 0 0 0 1.2202 -2.54 2.5 12. 27.9 26.38
2 1 19 0 0 0 0 0 0 1.1292 -2.10 1.8 3.3 28.4 -
3 1 18 0.5 0 0 0 0 0 1.2168 -1.63 2.5 7.5 29.2 28.02
4 1 19 0.5 0.5 0 0 0 0 1.1283 -1.88 2.9 8.0 31.7 27.41
5 1 19 0.5 1 0 0 0 0 1.1313 -2.80 3.8 4.2 28.1 23.90
6 1.345 16 0.320 0.667 0.142 0.150 0.732 0.148 1.4463 -3.60 2.4 12. 19.94 18.50
7 1.5 16 0 0 0 0 0 0 1.4427 -3.64 13.0 13. 21.1 19.50
8 1.5 18 0 0 0 0 0 0 1.2199 -2.15 4.5 13. 28.9 27.34
9 1.5 14 0.5 0 0 0 0 0 1.7367 -5.14 0.9 6.3 15.5 14.65
10 1.5 16 0.5 0.833 0 0 0 0 1.4481 -5.11 4.3 7.5391 18.8 18.00
11 1.5 16 0.5 0.167 0 0 0 0 1.4384 -2.94 0.4 7.6682 22.4 21.16
12 1.5 16 0.5 0.5 0 0 0 0 1.4427 -3.64 0.4 9.8 20.9 -
13 1.5 16 0.5 1 0 0 0 0 1.4490 -4.76 0.6 7.5 18.5 17.74
14 1.5 16 0.5 0 0 0 0 0 1.4379 -2.72 1.2 7.1 22.5 21.38
15 1.5 17 0.5 1 0 0 0 0 1.3286 -3.82 0.7 7.7 22.0 21.27
16 1.5 18 0.5 0.5 0 0 0 0 1.2192 -2.11 3.3 9.4 28.9 25.65
17 1.5 19 0.5 1 0 0 0 0 1.1321 -2.26 4.3 7.6 30.3 26.08
18 1.5 16 0.5 0.5 0 0.5 0.5 1 1.4424 -3.31 0.8 5.6 20.0 19.60
19 1.5 16 0.5 0.5 0 0.5 0.5 0 1.4414 -3.34 4.6 5.5 20.1 19.72
20 1.5 16 0.5 0.5 0 0.5 0.5 -0.5 1.4534 -3.60 2.7 6.8 20.5 19.65
21 1.5 16 0.5 0.5 0 0.5 0.5 0.5 1.4533 -3.61 1.5 7.8 20.7 19.64
22 1.5 16 0.5 0.5 0 0.5 1 0 1.4455 -5.02 2.8 5.7 18.9 18.54
23 1.5 16 0.5 0.5 0 0.5 0 0 1.4388 -2.62 2.7 6.6 21.6 20.70
24 1.5 16 0.5 1 0 0.5 0 0 1.4446 -3.48 1.2 7.3 19.7 18.84
25 1.5 16 0.5 0 0 0.5 0.5 1 1.4370 -2.74 2.2 6.8 22.4 21.40
26 1.5 16 0.5 0 0 0.5 0.5 0 1.4370 -2.74 2.2 6.8 22.4 21.40
27 1.5 16 0.5 0 0 0.5 0.5 -0.5 1.4485 -2.57 1.4 5.5 21.8 21.40
28 1.5 16 0.5 0 0 0.5 0.5 0.5 1.4485 -2.57 1.4 5.5 21.8 21.40
29 1.5 16 0.5 0 0 0.5 1 0 1.4402 -3.93 0.2 6.8 21.2 20.32
30 1.5 16 0.5 0 0 0.5 0 0 1.4344 -1.56 0.6 7.1 23.72 22.38
31 1.5 16 0.320 0.667 0.142 0.150 0.732 0.148 1.4463 -3.60 2.2 11. 20.2 18.80
32 3 14 0 0 0 0 0 0 1.7427 -4.69 21.2 8.3 17.6 16.36
33 3 12 0.5 0.833 0 0 0 0 2.1817 -11.5 4.4 8.3 9.3 8.36
34 3 12 0.5 0.167 0 0 0 0 2.1522 -7.72 0.4 9.2 13.7 11.71
35 3 12 0.5 0.5 0 0 0 0 2.1644 -8.89 1.6 7.9 11.4 10.09
36 3 12 0.5 1 0 0 0 0 2.1846 -12.3 9.4 10. 9.1 8.08
37 3 12 0.5 0 0 0 0 0 2.1508 -7.74 0.6 9.3 14.1 11.95
38 3 14 0.5 0.833 0 0 0 0 1.7538 -5.91 0.6 9.6 15.3 14.24
39 3 14 0.5 0.167 0 0 0 0 1.7348 -4.24 1.1 8.8 20.6 18.69
40 3 14 0.5 0.5 0 0 0 0 1.7427 -4.69 2.1 9.6 18.1 16.54
Continued
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TABLE I – Continued
ScN q r/m χA θA/π φA/π χB θB/π φB/π 10
2mΩi 10
5a˙ 104eΩ 10
2mΩf Nf N0.05
41 3 14 0.5 1 0 0 0 0 1.7559 -6.15 0.3 9.9 14.9 13.88
42 3 14 0.5 0 0 0 0 0 1.7338 -3.95 0.5 8.7 21.0 18.99
43 3 16 0.5 0.5 0 0 0 0 1.4420 -2.83 3.4 10. 26.1 24.63
44 3 16 0.5 1 0 0 0 0 1.4494 -4.70 29.8 10. 22.1 21.13
45 3 17 0.5 0.5 0 0 0 0 1.3227 -2.43 3.5 8.5 30.7 29.33
46 3 17 0.5 0 0 0 0 0 1.3175 -2.00 3.1 6.1 33.8 32.64
47 3 18 0.5 1 0 0 0 0 1.2251 -2.06 5.4 9.1 31.4 24.98
48 3 14 0.5 0.5 0 0.5 0.5 1 1.7423 -4.18 1.7 2.7 11.4 -
49 3 14 0.5 0.5 0 0.5 0.5 0 1.7409 -4.27 3.0 2.7 11.4 -
50 3 14 0.5 0.5 0 0.5 1 0 1.7445 -5.78 4.2 2.8 11.7 -
51 3 14 0.5 0.5 0 0.5 0 0 1.7391 -3.23 4.4 2.6 11.1 -
52 3 14 0.5 1 0 0.5 1 0 1.7583 -7.93 2.7 5.9 13.6 13.23
53 3 14 0.5 0 0 0.5 0.5 1 1.7325 -3.86 1.7 5.6 19.6 18.99
54 3 14 0.5 0 0 0.5 0.5 0 1.7324 -3.73 1.8 5.6 19.6 18.98
55 3 14 0.5 0 0 0.5 1 0 1.7346 -6.27 6.7 7.7 19.9 18.34
56 3 14 0.5 0 0 0.5 0 0 1.7302 -2.86 4.9 5.3 19.9 19.56
57 5 12 0 0 0 0 0 0 2.1686 -5.96 37.7 9.1 14.9 13.32
58 5 14 0 0 0 0 0 0 1.7433 -3.50 2.5 9.7 23.4 21.69
59 5 15 0 0 0 0 0 0 1.5809 -2.84 4.9 8.3 28.3 26.78
60 5 9.5 0.323 0.663 -0.176 0 0 0 3.0132 -19.9 48.2 5.9 5.6 4.99
61 5 9.5 0.483 0.642 -0.212 0 0 0 3.0132 -19.9 0.1 8.5 4.7 4.73
62 5 9.5 0.5 0.644 -0.213 0 0 0 3.0132 -19.9 9.4 4.5 4.2 4.26
63 5 12 0.5 0.644 -0.213 0 0 0 2.1755 -9.02 3.3 2.0 7.8 7.75
64 5 15 0.5 0.5 0 0 0 0 1.5787 -2.87 21.6 2.1 13.5 -
65 5 15 0.5 1 0 0 0 0 1.5906 -4.38 34.2 9.4 22.9 21.97
66 5 15 0.5 0 0 0 0 0 1.5695 1.62 42.0 5.6 31.7 30.93
67 8 13 0 0 0 0 0 0 1.9345 -2.98 2.9 6.8 24.9 23.56
68 8 13 0.5 1 0 0 0 0 1.9536 -4.21 5.1 7.0 18.7 17.99
69 8 13 0.5 0 0 0 0 0 1.9221 -4.76 37.8 6.4 31.7 29.41
TABLE II: Parameters of the runs evolved in S5. The first column labels the binary configuration,
q = mA/mB denotes the mass-ratio, r/m, Ωi and a˙ denote initial separation, orbital frequency and expansion
factor, respectively. χA and χB are the dimensionless spin components of the first and the second hole, and eΩ
is the orbital eccentricity. The final orbital frequency is given by Ωf , and Nf denotes the number of orbits Nf
between the initial frequency Ωi and the final frequency Ωf . The last column denote the number of orbits between
the initial orbital frequency until the orbital frequency 0.05/m.
ScN q r/m χA θA/π φA/π χB θB/π φB/π 10
2mΩi 10
5a˙ 104eΩ 10
2mΩf Nf N0.05
70 1.07 15 0.205 0.965 0.091 0.385 0.229 -0.185 1.5821 -5.98 0.8 9.5 17.21 15.83
71 1.08 15 0.106 0.400 0.590 0.212 0.340 -0.191 1.5817 -5.40 0.7 13. 17.73 16.00
72 1.08 15 0.154 0.352 -0.364 0.470 0.646 -0.960 1.5838 -4.56 0.2 6.5 16.09 15.37
73 1.10 15 0.494 0.818 -0.028 0.142 0.152 -0.364 1.5854 -5.85 0.5 6.0 15.40 14.88
74 1.12 15 0.269 0.083 0.507 0.076 0.474 -0.061 1.5795 -4.35 0.5 12. 18.18 16.41
75 1.12 15 0.377 0.109 -0.712 0.458 0.725 -0.935 1.5809 -3.45 0.5 8.1 17.18 15.97
76 1.12 15 0.344 0.028 0.492 0.352 0.240 -0.931 1.5761 -2.79 0.5 11. 19.12 17.19
77 1.12 15 0.243 0.517 -0.496 0.269 0.625 -0.792 1.5866 -4.26 2.0 11. 16.91 15.43
78 1.17 15 0.481 0.958 0.542 0.370 0.943 0.220 1.5919 -7.31 2.3 8.6 14.44 13.57
79 1.26 15 0.267 0.415 -0.156 0.311 0.128 -0.386 1.5797 -4.97 1.0 11. 18.42 16.66
80 1.27 15 0.073 0.786 0.362 0.463 0.452 0.106 1.5829 -1.75 0.5 7.5 16.88 15.84
81 1.29 15 0.357 0.424 -0.907 0.452 0.345 0.677 1.5839 -6.09 2.9 7.8 17.82 16.59
82 1.34 15 0.079 0.568 -0.523 0.200 0.853 -0.820 1.5844 -5.45 0.3 11. 16.95 15.53
83 1.35 15 0.140 0.094 -0.122 0.413 0.091 0.430 1.5777 -3.31 0.2 10. 18.91 17.18
84 1.36 15 0.089 0.005 -0.975 0.356 0.568 -0.404 1.5866 -6.51 2.9 11. 17.69 16.09
85 1.38 15 0.169 0.531 -0.097 0.455 0.235 -0.152 1.5799 -5.88 1.0 7.9 17.89 16.67
86 1.55 15 0.082 0.820 -0.171 0.205 0.825 -0.052 1.5847 -5.74 0.4 11. 17.20 15.76
87 1.63 15 0.114 0.521 -0.665 0.325 0.101 -0.587 1.5806 -3.49 1.2 9.8 18.57 17.05
88 1.63 15 0.295 0.516 0.635 0.179 0.060 0.310 1.5832 -5.15 1.7 12. 18.50 16.78
89 1.63 15 0.171 0.786 -0.032 0.155 0.544 -0.983 1.5843 -5.15 0.2 11. 17.46 15.99
90 1.64 15 0.115 0.435 0.808 0.343 0.730 -0.361 1.5861 -6.82 1.4 11. 17.65 16.17
91 1.68 15 0.365 0.148 -0.283 0.217 0.269 -0.911 1.5772 -3.53 0.8 12. 20.04 18.03
Continued
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TABLE II – Continued
ScN q r/m χA θA/π φA/π χB θB/π φB/π 10
2mΩi 10
5a˙ 104eΩ 10
2mΩf Nf N0.05
92 1.70 15 0.429 0.470 0.487 0.112 0.958 -0.874 1.5880 -5.20 4.9 12. 18.22 16.60
93 1.76 15 0.406 0.530 -0.810 0.252 0.764 0.476 1.5866 -2.88 1.5 11. 17.79 16.33
94 1.82 15 0.403 0.326 -0.511 0.146 0.590 -0.953 1.5828 -4.13 2.4 11. 19.44 17.67
95 1.82 15 0.438 0.658 -0.446 0.124 0.253 0.690 1.5891 -5.74 2.9 9.5 17.56 16.29
96 1.84 15 0.208 0.364 0.875 0.160 0.420 0.640 1.5815 -4.99 0.9 11. 19.08 17.40
97 1.91 15 0.375 0.545 -0.854 0.110 0.012 -0.107 1.5826 -2.71 0.6 11. 18.76 17.17
98 1.92 15 0.451 0.082 -0.887 0.443 0.563 -0.652 1.5834 +3.02 4.6 8.6 20.34 18.73
99 1.94 15 0.312 0.873 0.292 0.222 0.080 -0.934 1.5853 -4.26 0.8 11. 17.88 16.46
100 1.96 15 0.057 0.810 0.274 0.090 0.408 -0.113 1.5827 -4.68 0.4 12. 18.76 17.14
101 1.97 15 0.190 0.564 -0.917 0.372 0.911 0.727 1.5851 -5.78 0.5 9.5 17.82 16.56
TABLE III: Parameters ai,j of ρNS.
i j = 0 j = 1 j = 2 j = 3
0 -2.23773 89.0053 -907.744 3194.70
1 16.3786 -321.623 1589.74 0
2 -25.8886 285.810 0 0
3 7.94034 0 0 0
TABLE IV: Parameters bi,j of κNS.
i j = 0 j = 1 j = 2 j = 3
0 0.999768 -2.63274 4.08714 -2.67330
1 -0.0126939 0.343292 1.75169 0
2 0.0445636 -0.975111 0 0
3 0.0157333 0 0 0
TABLE V: Parameters ci,j,k of δκS.
(i, k) j = 1 j = 2 j = 3 j = 4
(0,1) 5316.71 -66338.2 275375. -380348.
(0,2) 32067.7 -376132. 1.48805×106 -1.93024×106
(0,3) 14274.6 -177525. 736095. -1.01733×106
(0,4) -1843.34 9864.44 1329.56 -4958.02
(0,5) 109.978 517.973 -7645.17 15290.1
(0,6) 23169.4 -275526. 1.08011×106 -1.42663×106
(0,7) 7819.45 -101310. 434622. -617796.
(0,8) -42885.3 532586. -2.20338×106 3.03600×106
(0,9) 1027.50 -27767.7 103643. -218964.
(0,10) -109193. 1.29526×106 -5.05535×106 6.62736×106
(0,11) -55234.7 704761. -2.98370×106 4.19269×106
(0,12) -92749.8 1.02247×106 -4.02065×106 5.29669×106
(0,13) -7921.47 97674.7 -405463. 565779.
(0,14) -103301. 1.22607×106 -4.82157×106 6.34451×106
(1,1) -82960.2 1.03434×106 -4.29063×106 5.92217×106
(1,2) -496416. 5.85007×106 -2.32014×107 3.02622×107
(1,3) -217655. 2.71089×106 -1.12563×107 1.55773×107
(1,4) 25018.3 -393524. 2.05655×106 -4.12184×106
(1,5) 28030.5 -368855. 1.57451×106 -2.19102×106
(1,6) -412124. 4.87348×106 -1.90352×107 2.49538×107
(1,7) -128584. 1.65610×106 -7.06852×106 1.00034×107
(1,8) 661241. -8.21574×106 3.40040×107 -4.68715×107
(1,9) -24548.5 478963. -1.79194×106 3.37544×106
(1,10) 1.69467×106 -2.01047×107 7.86851×107 -1.03283×108
(1,11) 917140. -1.16445×107 4.90819×107 -6.86985×107
(1,12) -289050. 3.65366×106 -1.08819×107 8.95028×106
(1,13) 46482.3 -583937. 2.51586×106 -3.69108×106
(1,14) 1.74966×106 -2.07098×107 8.12790×107 -1.06573×108
(2,1) 424444. -5.28782×106 2.19181×107 -3.02304×107
(2,2) 2.54951×106 -3.01226×107 1.19551×108 -1.56397×108
(2,3) 1.08832×106 -1.35750×107 5.64446×107 -7.82131×107
(2,4) 538865. -4.65423×106 1.08665×107 -650921.
(2,5) -134766. 1.75054×106 -7.36970×106 1.00998×107
(2,6) 2.38473×106 -2.81363×107 1.09819×108 -1.43508×108
(2,7) 690728. -8.84984×106 3.76020×107 -5.30045×107
(2,8) -3.34460×106 4.15737×107 -1.72135×108 2.37354×108
(2,9) 149314. -2.61396×106 1.01824×107 -1.80892×107
(2,10) -8.70071×106 1.03298×108 -4.05413×108 5.32989×108
Continued
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TABLE V – Continued
(i, k) j = 1 j = 2 j = 3 j = 4
(2,11) -4.98684×106 6.30344×107 -2.64631×108 3.69064×108
(2,12) 362328. 2.89435×106 -6.26526×107 1.54943×108
(2,13) -296859. 3.76776×106 -1.62996×107 2.38893×107
(2,14) -9.73227×106 1.15044×108 -4.51208×108 5.90608×108
(3,1) -709184. 8.82898×106 -3.65705×107 5.04053×107
(3,2) -4.35305×106 5.15001×107 -2.04343×108 2.67729×108
(3,3) -1.78215×106 2.22596×107 -9.26725×107 1.28564×108
(3,4) 908964. -1.60025×107 8.51391×107 -1.47147×108
(3,5) 62120.2 -864159. 3.64740×106 -4.74819×106
(3,6) -4.48307×106 5.28627×107 -2.06464×108 2.69548×108
(3,7) -1.20683×106 1.53949×107 -6.51614×107 9.15436×107
(3,8) 5.53612×106 -6.88414×107 2.85135×108 -3.93290×108
(3,9) -265327. 4.52185×106 -1.85463×107 3.22321×107
(3,10) 1.48479×107 -1.76472×108 6.94463×108 -9.14535×108
(3,11) 8.83120×106 -1.11213×108 4.65325×108 -6.46984×108
(3,12) -6.70535×106 5.32904×107 -6.84880×107 -1.07762×108
(3,13) 1.00833×106 -1.27036×107 5.39248×107 -7.69297×107
(3,14) 1.77463×107 -2.09671×108 8.22363×108 -1.07571×109
TABLE VI: Parameters di,j,k of δρS.
(i, k) j = 1 j = 2 j = 3 j = 4
(0,1) -45382.3 302204. -153169. -1.30349×106
(0,2) -253943. 1.90739×106 632048. -7.50294×106
(0,3) -1.31299×106 1.54603×107 -6.03927×107 7.82728×107
(0,4) -1.20248×106 8.98755×106 -2.09367×107 2.51332×107
(0,5) 550699. -6.20436×106 2.42440×107 -3.28133×107
(0,6) 587207. -7.79345×106 3.28891×107 -4.78587×107
(0,7) -234908. 2.08401×106 -5.31451×106 2.96473×106
(0,8) 529948. -4.20533×106 7.57153×106 2.97058×106
(0,9) 677458. -1.23094×107 5.30880×107 -9.37766×107
(0,10) 4.56142×106 -5.15215×107 2.05792×108 -2.57620×108
(0,11) -5.37955×106 8.86716×107 -4.55622×108 7.47340×108
(0,12) -1.23435×107 1.01134×108 -3.15628×108 3.51274×108
(0,13) -1.45409×106 1.69206×107 -6.86296×107 9.64437×107
(0,14) 5.15330×106 -5.79718×107 2.18460×108 -2.69339×108
(1,1) -45382.3 302204. -153169. -1.30349×106
(1,2) -253943. 1.90739×106 632048. -7.50294×106
(1,3) -1.31299×106 1.54603×107 -6.03927×107 7.82728×107
(1,4) -1.20248×106 8.98755×106 -2.09367×107 2.51332×107
(1,5) 550699. -6.20436×106 2.42440×107 -3.28133×107
(1,6) 587207. -7.79345×106 3.28891×107 -4.78587×107
(1,7) -234908. 2.08401×106 -5.31451×106 2.96473×106
(1,8) 529948. -4.20533×106 7.57153×106 2.97058×106
(1,9) 677458. -1.23094×107 5.30880×107 -9.37766×107
(1,10) 4.56142×106 -5.15215×107 2.05792×108 -2.57620×108
(1,11) -5.37955×106 8.86716×107 -4.55622×108 7.47340×108
(1,12) -1.23435×107 1.01134×108 -3.15628×108 3.51274×108
(1,13) -1.45409×106 1.69206×107 -6.86296×107 9.64437×107
(1,14) 5.15330×106 -5.79718×107 2.18460×108 -2.69339×108
(2,1) -45382.3 302204. -153169. -1.30349×106
(2,2) -253943. 1.90739×106 632048. -7.50294×106
(2,3) -1.31299×106 1.54603×107 -6.03927×107 7.82728×107
(2,4) -1.20248×106 8.98755×106 -2.09367×107 2.51332×107
(2,5) 550699. -6.20436×106 2.42440×107 -3.28133×107
(2,6) 587207. -7.79345×106 3.28891×107 -4.78587×107
(2,7) -234908. 2.08401×106 -5.31451×106 2.96473×106
(2,8) 529948. -4.20533×106 7.57153×106 2.97058×106
(2,9) 677458. -1.23094×107 5.30880×107 -9.37766×107
(2,10) 4.56142×106 -5.15215×107 2.05792×108 -2.57620×108
(2,11) -5.37955×106 8.86716×107 -4.55622×108 7.47340×108
(2,12) -1.23435×107 1.01134×108 -3.15628×108 3.51274×108
(2,13) -1.45409×106 1.69206×107 -6.86296×107 9.64437×107
(2,14) 5.15330×106 -5.79718×107 2.18460×108 -2.69339×108
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TABLE VI – Continued
(i, k) j = 1 j = 2 j = 3 j = 4
(3,1) -45382.3 302204. -153169. -1.30349×106
(3,2) -253943. 1.90739×106 632048. -7.50294×106
(3,3) -1.31299×106 1.54603×107 -6.03927×107 7.82728×107
(3,4) -1.20248×106 8.98755×106 -2.09367×107 2.51332×107
(3,5) 550699. -6.20436×106 2.42440×107 -3.28133×107
(3,6) 587207. -7.79345×106 3.28891×107 -4.78587×107
(3,7) -234908. 2.08401×106 -5.31451×106 2.96473×106
(3,8) 529948. -4.20533×106 7.57153×106 2.97058×106
(3,9) 677458. -1.23094×107 5.30880×107 -9.37766×107
(3,10) 4.56142×106 -5.15215×107 2.05792×108 -2.57620×108
(3,11) -5.37955×106 8.86716×107 -4.55622×108 7.47340×108
(3,12) -1.23435×107 1.01134×108 -3.15628×108 3.51274×108
(3,13) -1.45409×106 1.69206×107 -6.86296×107 9.64437×107
(3,14) 5.15330×106 -5.79718×107 2.18460×108 -2.69339×108
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